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Abstract
We find the leading RG logs in ϕ4 theory for any Feynman diagram with 4 external edges. We obtain the result in two ways.
The first way is to calculate the relevant terms in Feynman integrals. The second way is to use the RG invariance based on the
Lie algebra of graphs introduced by Connes and Kreimer.
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Open access under CC BY license.1. Radiative corrections give the most precise
checks of quantum field theory. Calculations of the
corrections are based on multiloop calculations. Thus
a special attention is paid to the multiloop calculations
during the whole history of QFT.
The leading logs may be used as a toy model in
developing methods for the calculation of Feynman
integrals. One can calculate the integral and then check
the results by the RG invariance. Indeed, it is known
that the leading logs are determined by the one-loop
RG invariance [1–3].
The problem is that if we start from a symmetric
point, then the one-loop RG fixes the leading logs in
the symmetric points s = t = u= µ2, but the structure
of leading logs for arbitrary external momenta is
not fixed. Furthermore the traditional RG gives the
coefficients only for the sum of the leading logs of a
given power.
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Open access under CC BYThe main result of the Letter is an explicit calcula-
tion of the leading RG logs for arbitrary Feynman dia-
grams with 4 external edges. We calculate the leading
logs in two ways: using a decomposition of Feynman
integrals on singular and non-singular parts and using
a version of RG equations based on the Connes and
Kreimer Lie algebra of graphs [4,5]. In this Letter we
mainly give the results, some details of the calculation
and proofs may be found in [6].
2. We consider the massless ϕ4 theory in d-di-
mensional Euclidian spacetime with the Lagrangian
(1)L= 1
2
(∂µϕ)
2 + 16π
2
4! ϕ
4.
For the regularization of UV divergences we use the
dimensional regularization with d = 4− 2 [7].
In massless theory the one-loop correction to the
two-point function vanishes. Consequently we may
ignore the Z-factors and self energy insertions, since license.
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logs.
Further we consider only 1PI graphs with four
external edges without self energy insertions. We
assume non-zero external momenta, consequently our
diagrams have no infrared divergences [2].
3. In the calculation we decompose the singular
integrals into singular and non-singular parts. The
leading RG logs are extracted from the most singular
part, which contains all the sub-divergences of the
Feynman integral. The products of singular and non-
singular parts will give sub-leading RG logs or non-
RG logs.
The decomposition of a singular integral on a
divergent local part and a convergent part is connected
with the regularization of singular distributions [8].
This analogy was used to express the R-operation in
terms of distributions [9]. We also explore this analogy
in order to subtract the divergences, but we work in
parametric representation rather then in x or p spaces.
In general the structure of divergences has the form
(2)I =
a∫
0
dz
z
zf (z),
where f (z) is a regular function of z. Integrating by
parts and expanding in  we get
(3)I = 1

f (0)+ ln(a)f (a)−
a∫
0
ln(z)
df
dz
dz+O().
Note, that the singular in  term is local in z, where z is
the parameter corresponding to the divergent diagram
(sub-diagram). In this decomposition only the first
term contributes to the leading logarithms.
4. As an example consider the two-loop diagram
shown in Fig. 1. The momentum q−p2 is the external
momentum for the one-loop sub-diagram. We do not
put the internal momentum for the one-loop sub-
diagram in the figure. The corresponding Feynman
integral is
(4)F =
∫
ddq
(q + p)2q2Γ ()
(
µ2
(q − p2)2
)
+ · · · ,Fig. 1. Two-loop diagram.
here we denote p = −(p1 + p2) and use the answer
for the one-loop sub-diagram. In parametric represen-
tation after the standard steps we have
(5)F =
∞∫
0
dα
α
(
µ2α
) 1∫
0
dx
1−x∫
0
dz
z
(
µ2αz
)
e−αQ,
where
(6)Q= xyp2 + xzp21 + yzp22, y = 1− x − z.
The integral has two singularities, α = 0—the
overall divergence and z= 0—the sub-divergence. We
decompose the integral over z into a singular part and
non-singular parts.
After the subtraction of the sub-divergence we get
(7)F˜ =
∞∫
0
dα
α
(
µ2α
) ln(µ2α)
1∫
0
dx e−αx(1−x)p2.
We see that the integral looks as the one-loop integral
with ln(µ2α) inserted in the upper vertex, where we
have had the divergent sub-diagram. The dependence
on p21 and p
2
2 vanishes because of the locality in z.
Integration over α gives
(8)F˜ = ∂
[
Γ ()
(
µ2
p2
)]
+ · · · .
Expanding in  we find the leading RG logarithm
(9)F˜ =− 1
2
+ 1
2
(
ln
µ2
p2
)2
+ · · · .
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following
Theorem 1. Let γn be an irreducible n-loop diagram.
The most singular term in the Feynman integral after
the subtraction of sub-divergences has the form
(10)F(γn)∼ ∂n−1
[
Γ ()
(
µ2
p2
)]
.
(The proof may be found in [6].)
Expanding (10) in  and subtracting the divergence
we get the leading logarithm
(11)F(γn)∼ 1
n
(
ln
µ2
p2
)n
.
Denote by c(γ ) the coefficient in front of the lead-
ing logarithm for the diagram γ . This coefficient is
proportional to one over the number of loops in the
diagram. Irreducible divergent sub-diagrams also give
one over the number of loops in these sub-diagrams.
For example, if an n-loop diagram γ has only one
(n − 1)-loop sub-diagram, this sub-diagram has only
one (n− 2)-loop sub-sub-diagram etc., then
(12)c(γ )= 1
n! .
Sometimes a graph may be decomposed into sub-
graphs in different ways with different numbers of
loops in the subgraphs. Then the coefficient is a sum
over the decompositions. This situation arises in the
case of overlapping divergences, when there are differ-
ent intersecting domains of singularities in the space
of parameters α and one should take the sum over the
domains.
In general case of overlapping divergences there
is a sum over the maximal rooted trees of divergent
subgraphs. The trees of divergences were introduced
by Zimmermann [10], the rooted trees were used
by Connes and Kreimer in the yearly works on the
Hopf algebra and R-operation [11,12]. In our case the
trees are maximal, since we are interested only in the
leading logs.
Theorem 2. Let γ be a 1PI graph with four external
edges and without self energy insertions. The coeffi-cient in front of the leading RG logarithm is
(13)c(γ )=
∑
Tγ
1
nγ1
. . .
1
nγk
,
where the sum is over the maximal trees Tγ of
subgraphs in γ , {γ1 . . . γk} is the set of subgraphs of
γ corresponding to Tγ (including the graph γ ), and
nγi is the number of loops in γi .
Note, that nγi is also the number of vertices in
the corresponding tree subgraph Tγi ⊂ Tγ . Thus the
coefficient c(γ ) may be expressed in terms of tree
factorials [13,14]
(14)c(γ )=
∑
Tγ
1
T !γ
,
where T !γ :=
∏
nγ1 · · ·nγk .
6. The other way to find the leading logarithms is
to consider the linear space of graphs introduced by
Connes and Kreimer [4,5]. The RG equation in this
space enables one to derive a recursive formula for the
leading logarithms.
The linear space of graphs H∗ is a linear space
where the basis vectors are labeled by Feynman
diagrams, i.e., every graph is associated with a basis
vector.
The crucial difference between the usual RG equa-
tion and the RG equation in the spaceH∗ is that in the
first case there is only one equation at a given power of
the coupling while in the second case there is a system
of equations since the vertex function is a vector.
The recursive formula for the coefficients of the
leading logarithms is
(15)c(γn+1)= 1
n+ 1
∑
γn=γn+1/γ1
c(γn).
The coefficients c(γ ) defined recursively by (15)
should coincide with c(γ ) in formula (13).
For example, if there is only one γ1 ⊂ γn, then
(16)c(γn)= 1
n
c(γn−1),
if there is only one γ1 ⊂ γn−1 etc., then
(17)c(γn)= 1
n!
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and we get the right answer for the graph with only
one chain of divergent subgraphs (compare with (12)).
In general we can derive formula (15) from (14)
using the following result [13]
(18)n
T !
=
∑
t∈F(T )
1
t !
,
where T is any rooted tree with n vertices and F(T )
is the set of trees t with (n − 1) vertices. These
trees are obtained from T by removing vertices at the
ends of branches. Note, that deleting of such vertices
corresponds to contraction of 1-loop subgraphs.
At the end I would like to point out the coincidence
of leading logs for diagrams in Fig. 2. The first
coefficients are
c(γ3)= c(γ˜3)= 13 ,
c(γ5)= c(γ˜5)= 25 · 3 ,
(19)c(γ7)= c(γ˜7)= 177 · 5 · 3 · 3 .
The equality c(γ2k+1)= c(γ˜2k+1) seems to be true for
any k > 0. This relation may be interesting from the
point of view of tree factorials and number theory.
7. Summary
We propose a decomposition of singular integrals
which is used to find the leading RG logs in ϕ4 theory.
We have considered only the leading RG logs, but we
have given a general prescription of extracting RG and
non-RG parts, thus the idea may be used to study thenext-to-leading RG logs as well as the non-RG logs.
At the moment the beta-function in ϕ4 theory is known
up to five loops [15], thus it should be possible to find
four next-to-leading RG logs.
In the last parts we obtained the same result for the
leading RG logs using the Lie algebra of graphs. This
approach also has a straightforward generalization for
the next-to-leading logs.
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